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Carbon nanotubes (CNTs) are excellent candidates for torsional elements used in nanoelectro-mechanical
systems (NEMS). Simulations show that after being twisted to a certain angle, they buckle and lose their
mechanical strength. In this paper, classical molecular dynamics simulations are performed on single-walled
carbon nanotubes (CNTs) to investigate the effects of torsion speed and temperature on CNT torsional
properties. The AIREBO potential is employed to describe the bonded interactions between carbon atoms. The
MD simulations clearly show that the buckling of CNTs in torsion is a reversible process, inwhich by unloading
the buckled CNT in opposite direction, it returns to its original configuration. In addition, the numerical results
reveal that the torsional shear modulus of CNTs increases by increasing the temperature and decreasing the
torsion speed. Furthermore, the buckling torsion angle of CNTs increases by increasing the torsion speed and
decreasing the temperature. Finally, it is observed that torsional properties of CNTs are highly affected by
speed of twist and temperature of the nanotubes.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

CNTs are carbon nanotubes with nanometer diameters which have
lengths up to micro-meters. Although this is not the way that they are
produced, these structures can theoretically be considered as rolled
graphene sheets. According to thedirection inwhich the graphene sheet
is rolledup, the resulting CNT can be zigzag, armchair, or chiral. In zigzag
CNTs, a zigzag pattern is used for atoms in circumferential direction of
the tube. In armchair tubes, this pattern is similar to the arm of a chair,
and in chiral CNTs there is no specific circumferential pattern [1]. The
first discovered CNTs were made up of several concentric rolled
graphene sheets [2], but recent CNTs are produced by consisting of
one shell of atoms [3]. CNTs have several interesting mechanical,
electrical and thermal properties. They have a Young modulus in
terapascal range [4], depending on their chirality and diameter, they can
be metallic or semiconductor, can also be used as reinforcing agents in
composites [5], as hydrogen storage in fuel cells [6], and moreover they
have applications in producing sensors [7], transistors [8], displaying
devices [9], actuators [10], artificialmuscles [11], and as a rotary bearing,
they can be used to make nano-scale motors [12].

The mechanical properties of CNTs can be measured by performing
experimental tests, such as the direct tension test [13], bending
experiment [14], and torsion test [15], or performing numerical
simulations on CNTs in tension [16], or torsion [17]. Basically, there

are two distinct numerical approaches in the modeling of nano-scale
systems, i.e. the discrete and continuous methods, which are based on
the Newtonian, or quantum mechanical descriptions. In many cases,
modeling the structure of aCNTby auniformthin cylindrical shell canbe
useful, however — the simulation of nano-scale material using
continuum based models has some limitations. For instance, Chang
[18] illustrated that the properties of a chiral CNT in torsion depend on
the direction of loading, which is in an obvious contrast with the
common assumptions of modeling CNTs by shell theory. Furthermore,
taking the advantage ofmulti-scale assumptions, the implementation of
Cauchy–Born rule and its prevalent modifications are restricted. It was
shown by Khoei et al. [19] and Aghaei et al. [20] that the general
assumptions for relating atomistic information to continuummodels are
only valid up to a limiting amount of deformation. Incorporating a
modified Morse potential, Xiao et al. [21] developed a molecular
structuralmechanics simulation that is able tomodel the CNTs' behavior
in tension and torsion. Li and Chou [22] proposed a structural–
mechanical model by defining the CNT as a structure consisting of the
beams and nodes as the atoms and bonds, respectively, to predict the
mechanical properties of CNTs such as the Young modulus of CNTs and
graphene sheets. A molecular mechanics based finite element model
was developed byMeo and Rossi [23] and Rossi andMeo [24] to predict
the properties of SWCNTs with promising accuracy. The advantage of
these methods is that they are based on the inter-atomic potentials,
which are able to predict the mechanical response of material at the
small size scales and are less computationally expensive than the MD
method. Although continuum based models are promising means of
simulating large systems of CNTs, they are not able to consider all
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complex details in atomic interactions. One of the most accurate
approaches in modeling of CNT systems consisting of thousands of
atoms is based on the molecular dynamics (MD) simulation. In this
study, a series of MD simulations is performed to investigate the
mechanical properties of CNTs, particularly the effects of torsion speed
and temperature on CNTs torsional properties.

The MD simulation performed by Yakobson et al. [25] on tensile
behavior of carbon nanotubes demonstrated that the yield strain of a
CNT in tension increases by increasing the rate at which the CNT is
stretched and decreases by increasing the temperature of CNT. It was
shown by Wei et al. [26] that this behavior can be explained using the
transition state theory. Zhang et al. [27] performed MD simulations to
investigate the effect of strain rate on the compressive bucklingbehavior
of CNTs. They found that by increasing the strain rate, the buckling force
and displacement become larger, but the stiffness of the tube remains
constant. Huang et al. [28] performed tension experiments on CNTs at
2000 °C and found that CNTs have superplastic behavior in such
circumstancewith the tensile strain of 280%before the breakingpoint. It
is noteworthy to state that the maximum tensile strain obtained for a
CNT at room temperature is about 6% [13]. The extra elongation due to
superplastic behavior is in contrast with the trend that appears in lower
temperatures and is due to the effect of atomic diffusion, kink formation
and motion in high temperature, which can help the CNT heal from
defects in tension and prevent formation of cracks and the local or
overall failure of the CNT [28].

Dumitrica et al. [29] combined the effect of chirality, strain rate,
and temperature to present a map for the breaking strain of CNTs in
tension at different conditions. In this map, the breaking strain of a
zigzag CNT is less than the breaking strain of an armchair CNT. It was
shown by Belytschko et al. [30] that the breaking mechanism of a
zigzag CNT is initiated by the formation of a crack about its cross-
section, while the breaking mechanism of an armchair CNT is initiated
by a bond rotation mechanism known as the Stone–Wales deforma-
tion [31]. In their tensile models, the strain rate and temperature can
affect the breaking strain only if the breaking mechanism is initiated
by bond rotation, and therefore they have no effect on the breaking
strain of zigzag nanotubes. Based on the strain rate dependency of
CNTs' yield strain in tension, it was observed that the difference
between the yield strain obtained by the MD simulations and those
evaluated by atomic force microscopy experiments is due to high
strain rates used in MD simulations [26]. Since the total duration of
MD simulation is in the range of nanoseconds, one must use a high
strain rate to observe the yielding of CNT which leads to a higher yield
strain.

The Brenner inter-atomic potential [32] was employed by Yakobson
et al. [33] into MD simulations to investigate the torsional properties of
CNTs. They found that theCNTs rotate uniformly under torsion and their
cross-section remains circular until a specific angle, after this angle the
CNT buckles and ripples from its longitudinal direction. Yu et al. [34]
observed that after buckling the CNT, its cross-section collapses to a
dumbbell like shape, and during this process atoms move in both
circumferential and longitudinal directions. Jeong et al. [35] demon-
strated that coupling the tension to torsion of CNTs increases the shear
modulus and the critical torsionalmoment of CNTs. They also presented
that the torsional stiffness of CNTs increaseswith the diameter of tube as
K~dt2.99, inwhich dt is the diameter of the SWCNT. They claimed that the
torsional stiffness of tube decreases by increasing the length of CNTs,
and buckling occurs at a higher angle and a lower torsional moment for
longer tubes. Recently, Wang [36] performed MD simulations to
illustrate that filling a SWCNT with C60 fullerenes can enhance the
strength of system.

In the present paper, the molecular dynamics simulations are
performed to investigate the effects of temperature and torsion speed
onmechanical properties of CNTs in torsion. By unloading the buckled
CNT in opposite direction, it has been shown that the buckling of CNTs
is a reversible process. In what follows, the MD simulation

methodology is first explained. The results of MD simulations are
then presented and the behavior of CNT is discussed at different
circumstances. The torsional shear modulus and buckling torsion
angle of CNTs are finally investigated at various temperatures and
torsional speeds.

2. Molecular dynamics simulation

Molecular dynamics (MD) can be used to model carbon nanotubes
and to derive their mechanical properties [37]. In MD simulation, the
internal force exerted to each atom is calculated based on the inter-
atomic potential defining the interaction of particles. A time
integration method can be used based on the explicit or implicit
technique to derive the configuration of the system after a time step
Δt, which must be in the range of femto-seconds. In order to perform
the MD simulation in a canonical ensemble, the atomic system is
connected to a heat bath to maintain a constant temperature. In this
method, the force exerted on each atom is modified based on the
instantaneous temperature of the system.

In this study, the AIREBO potential is employed, which is
applicable for hydrocarbons [38]. This potential is an extended form
of the Brenner second generation potential [39]. As the onset of
torsional buckling is investigated here, the intramolecular portion of
this potential is used and the nonbonded interactions are neglected.
The intramolecular part of the AIREBO potential expresses the
chemical binding energy of atoms, considering their pair-wise
distances, the angle between two bonds, and the dihedral angle
formed between two plains containing three connected bonds. Thus,
the chemical binding energy of a system of carbon and hydrogen
atoms is defined as

EREBO =
1
2
∑
i
∑
j≠i

VR rij
! "

+ bijV
A rij
! "h i

ð1Þ

in which the sum is over each pair of atoms that are nearest neighbors,
rij is the scalar distance between the ith and jth atoms, VR is the pair-
wise repulsive potential energy, VA denotes the pair-wise attractive
potential energy between the ith and jth atoms, and bij is the bond
order term for the ith and jth atoms, which is influenced by the
configuration of their surrounding atoms. The aforementioned pair-
wise terms are defined as

VR rij
! "

= −wij rij
! "

1 +
Qij

rij

 !
Ae−aijrij ð2Þ

VA rij
! "

= −wij rij
! "

∑
3

n=1
Bn
ije

−βn
ijrij ð3Þ

where Bijn, βij
n, A, αij and Qij are constant parameters. In the above

relations, n is a counter over a series of constant values andwij is a cut-
off function defined as

wij rð Þ = S′ tc rij
! "! "

S′ tcð Þ = Θ −tcð Þ + Θ tcð ÞΘ 1−tcð Þ1
2

1 + cos πtcð Þ½ $

tc rij
! "

=
rij−r min

ij

r max
ij −r min

ij

ð4Þ

where S′(tc) is a switching function, tc is a scaling function, Θ(tc) is the
Heaviside step function, rijmin is a limiting distance in the AIREBO
potential, in which the effect of potential starts to fade if the distance
between two atoms exceeds this distance, and rijmax is the maximum
considerable distance between two atoms by which they have effect
on each other. This function limits the range of a covalent bond and
smoothly switches off the potential when the distance of two atoms
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exceeds rijmax. In this case, the two atomswill not be considered as near
neighbors. The bond order term can be defined as

bij = −1
2

pσπij + pσπji
! "

+ πrc
ij + πdh

ij ð5Þ

where the principal contribution to the bond order term pijσπ is defined as

pσπij = 1 + ∑
k≠i;j

wik rikð Þgi cosθjik
! "

eλjik + Pij

 !−1=2

ð6Þ

where gi is a penalty function introduced to impose a cost onbonds of one
atom, which are close to each other, and is defined as

gc cosθjik
! "

= g 1ð Þ
c cosθjik

! "
+ S′ tN Nij

! "! "
g 2ð Þ
c cosθjik

! "
−g 1ð Þ

c cosθjik
! "h i

ð7Þ

where θjik is the angle formed by the vectors rji and rki, and S′(tN(Nij)) is a
function of the coordination of central atom. This function returns a value
inclined togc(1) for covalent compoundswith lowcoordinationandavalue
inclined to gc(2) for highly coordinated bulkmaterials, where both gc(1) and
gc(2) are the fifth-order splines. The function S′ is defined in Eq. (4) and tN
(Nij) is given as

tN Nij

! "
=

Nij−N min
ij

N max
ij −N min

ij

ð8Þ

where Nij
min and Nij

max are constant values for the scaling function. In
Relation (6), eλjik is a function that improves the potential energy surface
for the abstraction of hydrogen atoms fromhydrocarbons, and Pij is a two-
dimensional cubic spline. In addition, πijrc is a three-dimensional cubic
spline which includes the contributions from radical and conjugation
effects to thebondorder term, and is a functionofNij,Nji andNij

conj,withNij

and Nji denoting the coordination numbers defined as

Nij = NC
ij + NH

ij

NC
ij = ∑

k≠i
δkCwik rikð Þ

# $
−δjCwij rij

! " ð9Þ

where δ represents the Kronecker delta for two atoms, and Nconj
ij is the

local measure of conjugation in the i–j bond defined as

Nconj
ij = 1 + ∑

k≠i; j
δkCwik rikð ÞS′ tconj Nkið Þ

! " !2

+ ∑
l≠i; j

δlCwjl rjl
! "

S′ tconj Nlj

! "! " !2

ð10Þ

and tconj Nlj

! "
is defined as

tconj Nð Þ = N−N min

N max−N min ð11Þ

The remaining contribution to the bond order term is πjidh, which
imposes a penalty for rotation around the multiple bounds defined as

πdh
ji = Tij Nij;Nji;N

conj
ij

! "
∑
k≠i; j

∑
l≠i; j

× 1− cos2wkijl

! "
w′ik rikð Þw′jl rjl

! "
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! "
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! "
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! "
−s min
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ð12Þ

where smin is a constant, Tij is another three-dimensional cubic spline,
and wkijl is the dihedral angle formed by the three bonds, i.e.

cos wkijl

! "
=

rji × rik
jrji × rikj

:
rij × rjl
jrij × rjlj

ð13Þ

By defining the bond-weighting function as

w′ij rij
! "

= S′ t′c rij
! "! "
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=
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ij
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where r′ijmax is a constant. Finally, the internal force exerted to each
atom can be evaluated by taking derivative from the potential with
respect to the position of each atom as

fREBOm = −∇mE
REBO = −∑

i
∑
j N ið Þ

∇mV
R rij
! "

+ ∇mbij
! "

VA rij
! "

+ bij∇mV
A rij
! "h i

ð15Þ

where fmREBO is the force exerted to themth atom in a system governed
by the AIREBO potential.

In order to perform the simulation at constant temperature, the
Berendsen thermostat [40] is employedhere. By applying theBerendsen
thermostat to the Velocity–Verlet time integrationmethod, the position
and velocity of atoms in the next step can be derived as

ri t + Δtð Þ = ri tð Þ + vi tð ÞΔt + 1
2mi

Δt2fREBOi tð Þ

vi t +
1
2
Δt

# $
= vi tð Þ + 1

2mi
ΔtfREBOi tð Þ
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1
2
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# $
= ∑imiv

2
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1
2
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# $% &
= 3NkB

μ t +
1
2
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= γ 1− T0

T t +
1
2
Δt

# $

2

664

3

775

vi t + Δtð Þ = 2

2 + μ t +
1
2
Δt

# $
Δt

vi t +
1
2
Δt

# $
+

1
2mi

ΔtfREBOi t + Δtð Þ
% &

fREBOi t + Δtð Þ = fREBOi t + Δtð Þ−miμ t +
1
2
Δt

# $
vi t + Δtð Þ

ð16Þ

where ri, vi and mi are the coordinate, velocity and mass of the ith
atom. In above relations, t is the time elapsed from the start of
simulation, fiREBO is the force modified by the Berendsen thermostat
and T is the instantaneous temperature of the system. N is the number
of particles in system, Δt is the time step, T0 is the reference
temperature, γ is the constant factor of the Berendsen thermostat, and
kB is the Boltzmann constant.

3. Numerical simulation results

In order to investigate the effects of temperature and torsion speed
onmechanical properties of CNTs in torsion, a set ofmolecular dynamics
simulations are performed. The numerical simulations are performed
using fourdifferent SWCNTs, including: a 99.77 Å long (10,10) armchair,
a (17,0) zigzag and a (15,15) SWCNT using two different lengths of
99.77 Å and 149.65 Å long (10,10) nanotube. In all MD simulations, a
time step of 0.2 fs is generally used except in the case of high strain rate,
or high temperature, inwhich lower timesteps in the rangeof 0.05 fs are
necessary that makes the computational simulationmore expensive. At
the initial stage of each simulation the nanotube structure is relaxed for
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2 ps to obtain a state of equilibrium before starting the deformation
process. After that by fixing two rows of atoms in one end, two rows of
atoms on the other end of nanotube are then rotated. The displacement
control technique is used together with a constant rotation speed for
each simulation. For those simulations with constant temperature, a
temperature of 300 K is maintained as the reference temperature, and
for those simulations with constant rotation speed, a rotation speed of
10 GigaRad/s is employed. In order to perform the twist of 10 GigaRad/s,
all constrained atoms are rotated by 0.001 rad per 5000 steps. It is
observed that the equilibrium condition is obtained for nanotubes after
this relaxation period. Carbon nanotubes studied here are twisted at 5
different temperature and twist speeds.

In Fig. 1, the variations with torsion angle of the strain energy and
torque are presented for the 99.77 Å long (10, 10) CNT at 300 K and
the rotation speed of 10 GigaRad/s. The MD simulation indicates that
for a twisted CNT before the buckling point, the internal moment of
CNT increases almost linearly by increasing the rotation angle,
however — it has small local fluctuations because of thermal
vibrations, as noted in reference [41]. Obviously, the carbon atoms
rotate uniformly around the circumference, and the cross-section of
CNT remains circular with no particular distortion on the surface of
CNT. According to the theory of linear elasticity of thin-walled
cylinders [42] and considering the Hook's law, the strain energy can
be related to the rotation angle as

U = ∬σ dε dV =
1
2
G∫γ2

torsiondV = GπhR3 θ2

L
ð17Þ

where U is the strain energy, σ and ε are the stress and strain, G is the
torsional shear modulus, γtorsion is the torsional shear strain, V is the
volume, h is the thickness, R is the radius, θ is the torsional angle, and L
is the length of CNT. The torsional stiffness of CNT can be expressed as

K = L
d2U
dθ2

= L
dT
dθ

= 2GπhR3 ð18Þ

where T is the torque in the CNTwhich is related to the strain energy by

T =
dU
dθ

ð19Þ

In order to compute the shear modulus of CNTs, the wall thickness
of 3.4 Å is assumed, which is the interlayer distance in graphite and is
a common assumption for the effective wall thickness of SWCNTs
[13,15,18]. Considering the initial stages of potential energy curve

depicted in Fig. 1 together with Eq. (18) the shear modulus of CNT at
300 K subjected to the torsion speed of 10 GigaRad/s can be obtained
as 394 GPa. This value is in the range of 410±360 GPa reported
experimentally by Hall et al. [15], and close to the value of 457 GPa
obtained by Lu [43] using an empirical force constant model. Basically,
it is observed that by twisting the tube more than a specific angle, the
tube becomes unstable, its surface collapses, and the atoms make a
sudden movement along the axis and in the circumferential direction
of CNT. The snapshots of the 99.77 Å long (10,10) nanotube in torsion
are illustrated in Fig. 2. Obviously, the surface of nanotube deforms at
a torsion angle of 0.86 rad, in which the trends of strain energy and
torque are changed in the tube.

The MD simulations indicate that the shear moduli of CNTs
decrease by increasing the twist speed and increase by increasing the
temperature. In Fig. 3, the shear moduli of the CNTs are presented at
various temperatures and torsion rates. In this figure, the simulations
are performed at various temperatures for the torsion rate of
10 GigaRad/s and also, at various torsion rates for the temperature

Fig. 1. The variations with torsion angle of the strain energy (solid curve) and torque
(dotted curve) of the 99.77 Å long (10, 10) CNT at 300 K and 10 GigaRad/s.

Fig. 2. The MD snapshots of a 99.77 Å (10,10) CNT in torsion at different torsion angles.
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of 300 K. As can be observed, all four SWCNTs have almost similar
behavior, in which the average shearmoduli increases by 9 GPa due to
increase of temperature from 100 K to 1000 K, and decreases by
143 GPa due to increase of torsion speed from 10 to 100 GigaRad/s.

In order to evaluate the buckling torsion angle, the sum of squares
of atoms radial displacements (SSARD) is calculated by

SSARD = ∑i ri−r0ð Þ2 ð20Þ

where ri is the distance of ith atom from the CNT's axis and r0 is the
radius of measured CNT before loading. In Fig. 4, the variations with

torsion angle of SSARD are plotted at torsion speeds of 10 and
100 GigaRad/s. As illustrated, the SSARD has small changes before the
buckling point, which is due to thermal vibrations and the oscillations
produced by rotation propagates along the CNT. Obviously, at a
certain torsion angle the SSARD suddenly increases, which indicates
the buckling angle of CNT, and at this stage the surface of CNT starts to
deform. As shown in Fig. 4, the CNT rotated by the torsion speed of
10 GigaRad/s buckles earlier almost in 0.6 rad, while the CNT rotated
by the torsion speed of 100 GigaRad/s buckles at almost 0.9 rad.

The variations with torsion speed of the buckling torsion angle and
the buckling torque of CNTs are plotted in Fig. 5. Obviously, the twist
angle and buckling torque can be affected by the torsion speed. As can
be seen in this figure, the average buckling torsion angle for a
nanotube twisted by a torsion speed of 100 GigaRad/s is almost
0.27 rad more than the buckling torsion angle for the torsion speed of
10 GigaRad/s, and the buckling torque is 1.34 (nN.nm) less for the
rotation speed of 100 GigaRad/s. Considering the 99.77 Å (10,10) CNT
rotated by 10 GigaRad/s at 100 K, the buckling happens at the torsion
angle of 0.61 rad. By unloading the CNT in opposite direction from a
twist angle of 0.5 rad, it can be seen that the CNT returns back to its
original configuration, the strain energy and the SSARD return to their
initial values, and the unloading path is identical to the loading path,
as shown in Fig. 6. However, by unloading the rotated CNT from a
twist angle of 0.7 rad, in which the buckling happens, it can be
observed that although the CNT returns to its original configuration, it
may not exactly pass through the same loading path. Thus, the
torsional buckling of CNTs can be considered as a reversible process. In
Fig. 6, the variations with torsion angle of the strain energy and the
sum of squares of atoms radial displacements (SSARD) are plotted for
a CNT twisted from relaxed state to 1 rad. Also plotted in this figure
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are the unloaded curves rotated in opposite direction from the angles
of 0.5 and 0.6 rad to relaxed state. Finally, the variations of buckling
torsion angle and buckling torque are plotted with temperature in
Fig. 7. As can be seen, the buckling angle decreases by increasing the
temperature, which can be due to the distortion of surface of the CNT
at higher temperatures that can lead the CNT to an unstable state.
By increasing the temperature from 100 K to 1000 K, the average
buckling torsion angle decreases by 0.005 rad and the buckling torque
increases by 1.32 (nN.nm).

4. Conclusion

In the present paper, the effect of strain rate and temperature was
investigated on torsional properties of SWCNTs using molecular
dynamics simulations. The AIREBO potential was employed to describe
the bond interactions between the carbon atoms. A set of MD
simulations was carried out at various temperatures and torsional
speeds. It is shown that by increasing the temperature of nanotube both
the buckling torsion angle and the buckling torque decrease but the
shear modulus of nanotube increases. The molecular dynamics simula-
tions indicate that thebuckling of nanotube in torsion is very sensitive to
the twist speed. In fact, by increasing the twist speed thebuckling torque
decreases and thebuckling torsion angle increases dramatically, and as a
result the shearmodulus of nanotube decreases sharplywith increasing
the twist speed. Finally, it is shown that by unloading the buckled
nanotube, the torsional buckling of CNTs is a reversible process.
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Fig. 7. The variations with temperature of (a) the buckling angle and, (b) the buckling
torque for the 99.77 Å long (10,10) (diamonds), (15,15) (squares), (17,0) (triangles),
and 149.65 Å long (10,10) (circles) nanotubes.
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